This is a follow-up to our earlier work on the energies and radial distributions of heavy-light mesons. The heavy quark is taken to be static (infinitely heavy) and the light quark has a mass about that of the strange quark. We now concentrate on the energies of the excited states with higher angular momentum and with a radial node. A new improvement is the use of hypercubic blocking in the time direction.
There are several advantages in studying a heavy-light system on a lattice. First of all, the lattice calculations are relatively easy to do, and it allows us to do these with QCD from first principles. Our meson is much more simple than in true QCD: one of the quarks is static (infinitely heavy) with the light quark "orbiting" it. This makes it very beneficial for modelling. On the lattice an abundance of data can be produced, and we know which state we are measuring. In contrast, the physical states can be a mixture of two or more configurations, but on the lattice this complication is, mostly, avoided. Even so, our results on the heavy-light system can still be compared to the B s meson experimental results.
II. MEASUREMENTS AND LATTICE PARAMETERS
We measure the energies of both angular and first radial excitations of heavy-light mesons.
Since the heavy quark spin decouples from any description of the configurations we may label the states as L ± = L ± 1 2 , where L is the orbital angular momentum and ± 1 2 refers to the spin of the light quark.
The measurements are done on 16 3 × 32 lattices using two degenerate quark flavours.
The lattice configurations were generated by the UKQCD Collaboration using lattice action parameters β = 5.2, c SW = 2.0171 and three different values for the hopping parameter κ (see Table I ). The three different lattices are referred to here as "DF3", "DF4" and "DF5".
Each of them has a slightly different lattice spacing (a) and a different light quark mass (m q ). Our main results are measured on the "DF3" lattice, because the light quark mass is very close to the strange quark mass. More details of the lattice configurations used in this study can be found in Refs. [1, 2] . Because our light quarks are heavier than true u and d quarks, we have m π ranging from 730 MeV ("DF3") to 400 MeV ("DF5"). Two different levels of fuzzing (2 and 8 iterations of conventional fuzzing) are used in the spatial directions to permit a cleaner extraction of the excited states.
III. 2-POINT CORRELATION FUNCTION
The 2-point correlation function (see Fig. 1 ) is defined as C 2 (T ) = P t ΓG q (x, t + T, t)P t+T Γ † U Q (x, t, t + T ) ,
where U Q (x, t, t + T ) is the heavy (infinite mass)-quark propagator and G q (x, t + T, t) the light anti-quark propagator. P t is a linear combination of products of gauge links at time t along paths P and Γ defines the spin structure of the operator. The ... means the average over the whole lattice. A detailed discussion of lattice operators for orbitally excited mesons can be found in [3] . In this study, the same operators are used as in [4] . The energies (m i ) and amplitudes (a i ) are extracted by fitting the C 2 with a sum of exponentials,
a i,f 1 e −m i T a i,f 2 , where N max = 2 -4, T ≤ 14.
The fit is a simple least squares fit. In most of the cases 3 exponentials are used to try to ensure the first radially excited states are not polluted by higher states. Also 2 and 4 exponential fits are used to cross-check the results wherever possible. Indices f 1 and f 2 denote the amount of fuzzing used at the vertices and both of them take two values, f 1 =F1, F2 and f 2 =F1, F2, where (F1=2 iterations and F2=2+6 iterations). For S and P − states we have alternative operators (see [4] ), so we get a 5 by 5 matrix (5 paths, because one operator has two choices, F1 and F2, and the other operator has three choices, local, F1 and F2) instead of just a 2 by 2 matrix (2 paths) given by the fuzzing choices. We introduce two types of smearing in the time direction to get a better noise to signal ratio. The first type is APE type smearing, where the original links in the time direction are replaced by a sum over the six staples that extend one lattice spacing in the spatial directions (in Fig. 2 on the left). This smearing is called here "sum6" for short. We use the notation "plain" to refer to the original Eichten-Hill point static source construction.
To smear the heavy quark even more we then use hypercubic blocking (first introduced by Hasenfratz and Knechtli in [5] ), again only for the links in the time direction (in Fig. 2 on the right). Now the staples (the red dashed lines in Fig. 2 ) are not constructed from the original, single links, but from staples (the blue dash-dotted lines in Fig. 2) . In more detail, we first construct the links
where U i, µ is the original thin link at location i and direction µ. Note that there are no staples in directions ν or ρ. We then construct "fat" links
where index ν indicates that the link is not decorated with staples in that direction. The last step is where the "fat" links are again used to construct the new links. The values α 3 = 0.5, α 2 = 1 and α 1 = 1 are used in this study, because this choice was found to be very good in reducing the noise to signal ratio in [6] . Note that α 3 = 1.0, α 2 = 0 and α 1 = 0 would give the "sum6" smearing. Hypercubic blocking takes into account the links within a "hypercube"
(the edges of the "cube" are 2a in spatial directions but only one lattice spacing in the time direction). This smearing is called here "hyp" for short. The "plain" configurations do not have smearing in the time direction. Smearing the heavy quark improves the noise to signal ratio, which can be seen in Figs. 3-7. The figures show the standard deviation to signal ratio for the largest component of C 2 , which is F2F2, for 160 lattice configurations (lattice "DF3"). In all cases the "plain" signal is clearly inferior to the "sum6" and "hyp" signals, whereas the "hyp" signal is also better than the "sum6" signal. This latter difference wouldbe more apparent in a non-logarithmic scale. Lattices "DF4" and "DF5" show similar trends as the "DF3" lattice. 
V. ENERGY SPECTRUM
The energies are obtained from the fit in equation 2 -see Table II under better control, because we fit C 2 (T ) and not the ratio, and all fuzzing combinations are used (i.e. more data are used). We can thus use data up to T = 15 in the fits. The fit shown in these figures is only to the 2 path data, to make comparisons easier. When extracting the energy of a state all 5 paths are used for S and P − . For other states only 2 path data are available.
The resulting energy spectra from the fit (Eq. 2) for different lattices are shown in
Figs. 14-16 -see also Tables III-V. With the lattice "DF3", for most states, using different smearing for the heavy quark does not seem to change significantly the energy differences with respect to the 1S energy -the exceptions being the P + and excited D +− states.
Different smearings should only give the same results in the continuum limit, so it is understandable that at a fixed lattice spacing the results may differ. Unfortunately, all our lattices have approximately the same lattice spacing (about a = 0.1 fm, see Table I ), and we can not go to the continuum limit properly. However, we can use the results from different smearings the systematic errors are larger), but otherwise the same features are seen for all three light quark masses. We are most interested in the "DF3" lattice results, because that is closest to the B s meson (the light quark mass on this lattice being close to the s quark mass). One interesting observation is, that the energy spectrum is close to being dependent on L alone. For example our preferred configurations, "DF3hyp", show an approximate linear rise in excitation energy with L (up to F-wave) as ∼0.4L GeV. A similar linear rise is usually seen in Regge or string models. In contrast, the 2S state is seen to be almost degenerate with the 1D states, as in a simple harmonic oscillator. A L(L+1) term can be added to the linear ansatz to get a better fit -more precisely, 0.34L+0.04L(L+1) gives a good overall fit to the four energy differences up to D-waves.
Our earlier results (for the "plain" configurations used in this study as well as for some other unquenched and quenched configurations) can be found in Refs. [2, 7] . Because dynamical fermions are used in this study, we can not be absolutely certain that the lattice states are pure quark-anti-quark states. However, our radial distribution measurements [8] support the assumption that the states are ordinary meson states: the radial distributions of the lowest lying states are not broad, as would be the case if the states were molecules, and the first radial excitations of S-and P-wave states have one node at short distances (approximately at 0.30-0.35 fm). 
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−90 , from [1] ] is small (less than 1% ), and is not taken into account in the error estimates. The n denotes the radial excitation and n−1 gives the number of nodes in the wavefunction of the state. The dash means that no reliable fit can be found. The results on different lattices can not be compared directly (only energy differences can be compared) due to different self energies. The "DF3hyp" results are the same as m 1 , m 2 in Table II , but expressed in different units. Also the 1S, 1P − are now from 5 path fits.
nL squared. The dependence on the light quark mass is weak, and the differences between the "sum6"
and "hyp" smearings are small -especially for "DF3".
considerably [14] . In the following we assume that the states are the usual quark-anti-quark states.
We use linear interpolation, i.e.
Here A, B and C are fit parameters and
J is the total angular momentum, s Q = 1/2 is the heavy quark spin and j q is the combined spin and orbital angular momentum L of the light quark (see Table VI ). The interpolation procedure is shown in Fig. 22 . Note that the linear interpolation works perfectly for the 1 − S-wave state, where the experimental energies are known for both B s and D s mesons, and the lattice result (zero) is simply because the two 1S states are automatically degenerate at
Our predictions of the energy differences m(1P ) − m(1S) for the B s meson are given in [15] . A set of similar lattices with different lattice spacings is needed for going to the continuum limit. (2) (from [11] ; shown by the vertical band). The D s meson experimental results are from [11] (blue circles), and the B s meson experimental results are from [11] (blue circles) and [12] (green triangles).
Our results (using "DF3hyp" configurations) are marked with red squares. . 23 ).
B. Bayesian ideas
In some cases, using 3 exponentials to fit the C 2 data does not work very well. In Table II, these cases are marked with an asterisk. Since these fits are not as good or stable as one would hope, we introduce some Bayesian ideas and use prior knowledge of the energies to Likewise for the m 2 . The P + "Bayes" fit is merely to check that the Bayesian ideas work well and does not restrict the analysis too much.
constrain the fit, or rather to guide the fit in the right direction. The third mass, m 3 , (which would be the mass of the second radial excitation, if there was no pollution from higher states) is restricted to be in the range m 3, prior ± ∆m 3, prior by adding a term to the χ 2 . This is not a hard constraint, unlike fixing m 3 to a given value would be, but rather constrains the parameter to a given range softly. The m 3, prior and ∆m 3, prior are determined beforehand by estimating the difference ∆m 32 = m 3 − m 2 from full 3 exponentials fits.
This mass difference seems to be almost constant for states that have L = 1 or higher (see Fig. 24 ). Therefore we use the P − state to set the ∆m 32 for D-wave and F-wave states. The m 3, prior for D-wave and F-wave states is then calculated by adding ∆m 32 to the m 2 from the full 3 exponential fit for the state in question (see Tables VIII, IX ). The prior m 3 values are in fairly good agreement with the m 3 results from the full 3 exponential fits, and fixing m 3 − m 2 does not change the first excited state m 2 . The P + "Bayes" fit are used to check that the Bayesian ideas work well and does not restrict the analysis too much.
C. Spin-orbit splitting
One interesting point to note here is that the spin-orbit splitting of the P-wave states is small, almost zero, for the preferred "hyp" smearing. We extract this energy difference of the 1P + and 1P − states in two different ways:
1. Indirectly by simply calculating the difference using the energies given by the fits in Eq. 2, when the P + and P − data are fitted separately.
2. Combining the P + and P − data and fitting the ratio C 2 (P + )/C 2 (P − ), which enables us to go directly for the spin-orbit splitting, m 1P + − m 1P − . In the latter case, the expression (for a given fuzzing) is
where
We get the best results by fitting ∆m 1 , ∆m Table II ). Thus
for given values of fuzzing indices f 1 , f 2 . The D-wave spin-orbit splitting is also extracted in a similar manner. The results of the fits are given in Tables X, XI In all cases the errors on the direct estimates are much smaller than those on the indirect ones. Also in most cases the direct and indirect estimates are consistent with each otherthe only exception being the P-wave "sum6" estimates. There the direct value is somewhat lower than the indirect estimate. In fact this difference brings the "sum6" direct estimate closer to the "hyp" value, and lends support to the preferred "hyp" estimate, which in all three cases gives a small P-wave spin-orbit splitting (SOS), consistent with zero, for the "hyp" configurations. The D-wave spin-orbit splitting (SOS) results are more varied, but the "DF3hyp" lattice suggests clearly a positive, non-zero D-wave SOS. However, the "DF4hyp"
and "DF5hyp" estimates are considerably smaller, becoming negative for the "DF4hyp". At present it is not clear whether this is a lattice artefact due to, say, not being in the continuum limit, or that indeed the D-wave results are more dependent on m q than in the P-wave case.
VI. A MODEL BASED ON THE DIRAC EQUATION
Since the mass of the heavy quark is infinite, we have for a potential description essentially a one-body problem. Therefore, a simple model based on the Dirac equation is used to try to describe the lattice data. The potential in the Dirac equation has the usual linearly rising a OGE · V OGE , where
with the running coupling constant α s (r) given by
and
Here, guided by fits to various meson masses using the Blankenbecler-Sugar equation, we fix Λ QCD = 260 MeV and the dynamical gluon mass m g = 290 MeV (see [19] for details).
The potential also has a scalar term mωL(L + 1), which seems to be needed to increase the energy of D-wave states. This type of term arises in flux tube models, where a flux tube's rotational energy is proportional to L(L + 1) (like in Isgur-Paton flux tube model, [20] ).
The lines in the energy spectrum plot (Fig. 31 ) show three Dirac model fits from Table XII with m = 560 MeV (the constituent quark mass, from [19] ) and a OGE = 1.00. Attempts to also vary a OGE easily lead to instabilities. The solid line, labelled "fit 1", is a fit to three "DF3hyp" energy differences: 1P − and 1D − with respect to the ground state, and the P- it can be seen that the fit is about 500 MeV lower than the lattice results, and the shift seems to be constant for both lattices ("DF3sum6" and "DF3hyp") for all states, except the 2S. There is no obvious reason why the Dirac model should underestimate the first radial excitations by a constant amount, but a term of the form 0.5(n − 1) GeV could be included in the model to improve the fit to excited states and be interpreted as a flux tube effect in the same philosophy as the ωL(L + 1) term. However, as the fit to the ground state energies is poor, this improvement is not pursued.
VII. CONCLUSIONS
• With the "DF3hyp" lattice, our predictions for the 1 + and 2 + P-wave state masses agree very well with the experimental results. We also predict that the masses of the two lower P-wave states (0 + and 1 + ) should lie only a few MeV below the BK and B * K thresholds respectively.
• Also with the "DF3hyp" lattice, the P-wave spin-orbit splitting is small (essentially zero), but the D-wave spin-orbit splitting is clearly non-zero and positive. In contrast, another lattice group finds the P-wave spin-orbit splitting to be positive (about 35 MeV) and the D-wave SOS to be slightly negative (see [15] ), i.e. they seem to observe the famous inversion [21] . However, the recent European Twisted Mass Collaboration results find the P-wave SOS to be negative and the D-wave SOS to be small [9] . One clearly needs to go to the continuum limit before any definite conclusions can 1" is a fit to "DF3hyp" 1P − , SOS(1P) and 1D − , whereas "fit 2" is an attempt to fit "DF3hyp" 1P − , SOS(1P), 1D − and SOS(1D) (see Table XII ). "Fit 3" is a fit to "DF3sum6" 1P − , SOS(1P), 1D − and SOS(1D), and is shown here for comparison. be made.
In [14] Woo Lee and Lee suggest that the absence of spin-orbit inversions can be explained by chiral radiative corrections in the potential model. Small spin-orbit splittings throughout the meson spectrum could be explained by a relativistic symmetry in the Dirac Hamiltonian discussed in [22] . This would indicate that the scalar potential is (at least approximately) equal to the vector potential.
• The one-body Dirac equation model with one-gluon exchange, vector and scalar linear potentials and a scalar term mωL(L + 1) (like a flux tube rotational energy) is not good enough to describe the entire lattice energy spectrum. Therefore, one should be very careful in using such simple potentials to describe the interaction between quarks. and F2F2 all included). The shaded area shows the estimated errors.
